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1. Introduction and preliminaries
Continuous domains have a strong background in theoretical computer science. As Cartesian closed categories of domains
are appropriate for models of various typed and untyped lambda-calculus, they have attracted considerable attention [2,3,
5–8,10]. As the category of all domains is not Cartesian closed, there has been interest in Cartesian closed full subcategories
of domains. Plotkin [11], Smyth [12] and Jung [4] studied the Cartesian closedness of the category of biﬁnite domains. The
heart of such studies is to consider the spaces [D → E] of all continuous functions for continuous domains D , E , or more
generally, the spaces [X → L] of all continuous functions from a topological space X into a continuous domain L. Jung
proved that for continuous domains X , L with least elements, if the function space [X → L] is continuous, then X is Lawson
compact or L is an L-domain. Liu and Liang [9] studied the function space [X → L] where X is a core compact space and
L an L-domain. We restrict our attention to Lawson compact continuous domains X and biﬁnite domains L. We prove that
the function space [X → L] from a Lawson compact continuous domain X into a continuous B-domain L (the retract of a
biﬁnite domain) is continuous.
We quickly recall some basic notions concerning continuous directed complete partially ordered set (dcpo for short) and
function spaces (see for example, Abramsky and Jung [1]). A dcpo L is a poset such that every directed set D of L has a least
upper bound in L. For x, y ∈ L, x y implies that for each directed set D ⊆ L with y ∨ D , then x d for some d ∈ D . We
use ⇓ x to denote the set {y ∈ L | y  x}. If x x, then x is called a compact element in L. The set of all compact elements
in L is denoted by K (L). A dcpo L is called a continuous domain (algebraic domain) if ⇓ x (⇓ x ∩ K (L), respectively) is
directed and sup⇓ x= x (sup(⇓ x∩ K (L)) = x, respectively) for every x ∈ L.
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topology taking {U\ ↑ x: U ∈ σ(L), x ∈ L} as a subbase for the open sets. We call L Lawson compact or compact if L is a
compact space with respect to the Lawson topology. [X → L] stands for the set of all continuous functions from a topological
space X to dcpo L, it is again a dcpo with the pointwise order.
Theorem 1.1. ([1]) Suppose that L is a continuous domain with a smallest element. Then L is Lawson compact if and only if for any
a,b, c,d ∈ L with a  c, b  d, there is a ﬁnite set F ⊆⇑ a∩ ⇑ b such that ⇑ c∩ ⇑ d ⊆⋃x∈F ⇑ x.
Deﬁnition 1.2. ([4]) Let L be a partially ordered set. We say that L has property m if for each ﬁnite set A of L the set of the
minimal upper bounds of A mub(A) is complete, that is, for each x A there is a minimal upper bound y of A with y  x.
Let
U0(A) = A,
Un+1(A) = {x ∈ L ∣∣ ∃F ⊆ﬁn Un(A) s.t. x ∈mub(F )},
U∞(A) =
∞⋃
n=0
Un(A),
where F ⊆ﬁn Un(A) denotes that F is a nonempty ﬁnite subset of Un(A).
Deﬁnition 1.3. ([4]) An algebraic dcpo L with the smallest element is called a biﬁnite domain if mub(A) is complete and
U∞(A) is ﬁnite for each ﬁnite subset A of K (L). The retract of a biﬁnite domain is called a continuous B-domain.
2. Main results
Through the whole paper, X denotes a Lawson compact continuous domain and L a biﬁnite domain with the smallest
element ⊥. Our main technique involves step functions deﬁned as follows: For V ∈ σ(X), m ∈ L, the continuous map
V ↘m : X → L deﬁned by
(V ↘m)(x) =
{m, x ∈ V ,
⊥, x /∈ V ,
is called a step function.
Firstly, we illustrate our method brieﬂy. Let f ∈ [X → L]. We consider the following two step functions: V1 ↘ m1,
V2 ↘m2, in which
V1 = ⇑ e1 ⊆ ⇑ e˜1 ⊆ ↑ e˜1 ⊆ f −1(↑m1),
V2 = ⇑ e2 ⊆ ⇑ e˜2 ⊆ ↑ e˜2 ⊆ f −1(↑m2),
e˜1  e1, e˜2  e2, m1,m2 ∈ K (L).
Take e1, e2 with e˜1  e1  e1, e˜2  e2  e2. Then
V1 ∩ V2 = ⇑ e1 ∩ ⇑ e2 ⊆ ⇑ e1 ∩⇑ e2 ⊆ ⇑ e˜1 ∩⇑ e˜2 ⊆ ↑ e˜1 ∩↑ e˜2 ⊆ f −1(↑m1) ∩ f −1(↑m2)
=
⋃{
f −1(↑m) ∣∣m ∈mub{m1,m2}}.
Lawson compactness of X yields a ﬁnite subset {ai | i ∈ F } ⊆mub{e1, e2} and a ﬁnite subset {a˜i | i ∈ F } ⊆mub{e˜1, e˜2} such
that a˜i  ai for each i ∈ F and
V1 ∩ V2 ⊆
⋃
i∈F
⇑ ai ⊆
⋃
i∈F
⇑ a˜i ⊆
⋃
i∈F
↑ a˜i =
⋃{
f −1(↑m) ∣∣m ∈mub{m1,m2}}.
For each i ∈ F , take mi ∈ mub{m1,m2} with ↑ a˜i ⊆ f −1(↑mi). In this way we obtain for each i a step function V i ↘mi
with Vi = ⇑ e1 ∩⇑ e2 ∩⇑ ai ⊆ ⇑ e˜1 ∩⇑ e˜2 ∩⇑ a˜i ⊆ ↑ a˜i ⊆ f −1(↑mi) and V1 ∩ V2 =⋃{Vi | i ∈ F }.
So we restrict our attention to the step functions of the type V i ↘mi considered above. Let
S( f ) =
{
V ↘m
∣∣∣m ∈ K (L), ∃e j, e˜ j, j = 1, . . . ,k, k ∈ N, s.t. e˜ j  e j,
V =
k⋂
j=1
⇑ e j ⊆
k⋂
j=1
⇑ e˜ j ⊆ ↑ e˜k ⊆ f −1(↑m)
}
.
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(1) For every V ↘m ∈ S( f ), V ↘m  f .
(2) f =∨{V ↘m: V ↘m ∈ S( f )}.
Proof. Straightforward. 
In order to show the continuity of [X → L] via step functions, it is suﬃcient to construct an upper bound h ∈ ⇓ f for
every ﬁnite subset of S( f ).
Deﬁnition 2.2. A collection {(Vi,mi) | Vi ↘ mi ∈ S( f ), i ∈ I} is called a pointwise directed set if {mi | x ∈ Vi, i ∈ I} is
directed for any x ∈ X .
Given a pointwise directed set B, we deﬁne h : X → L as follows:
h(x) =
∨{
m
∣∣ (V ,m) ∈ B s.t. x ∈ V }, ∀x ∈ X .
The function h is said to be generated by B.
Lemma 2.3. Let B = {(Vi,mi) | Vi ↘mi ∈ S( f ), i ∈ I} be a ﬁnite pointwise directed set and h the mapping generated by B. Then
(1) h is continuous;
(2) h is an upper bound of {Vi ↘mi}i∈I and h  f .
Proof. Assume b ∈ K (L), x ∈ X . Because B is ﬁnite,
h(x) b ⇔
∨{
m
∣∣ (V ,m) ∈ B s.t. x ∈ V } b
⇔ ∃(V ,m) ∈ B s.t. x ∈ V andm b.
Hence,
h−1(↑ b) =
⋃{
V
∣∣ (V ,m) ∈ B andm b}.
Thus the continuity of h is proved.
In order to show h  f , let { f j} j∈ J be a directed subset of [X → L] with f ∨ j∈ J f j . For every b ∈ im(h) and every
(V ,m) ∈ B such that m b, we then have that
V  f −1(↑m) ⊆ f −1(↑ b) ⊆
⋃
j∈ J
f −1j (↑ b).
Since B is ﬁnite, there exists jb ∈ J such that h−1(↑ b) ⊆ f −1jb (↑ b). Since im(h) is ﬁnite, there exists j0 ∈ J such that
h−1(↑ b) ⊆ f −1j0 (↑ b) for any b ∈ im(h). Therefore, h(x) f j0 (x) for any x ∈ X . h  f is proved. Clearly h is an upper bound
of {Vi ↘ ai}i∈I0 . Thus the proof of the lemma is completed. 
Lemma 2.4. Let {Vi ↘ ai}i∈I0 be a ﬁnite subset of S( f ). Then there exists h ∈ [X → L] such that h is an upper bound of {V i ↘ ai}i∈I0
and h  f .
Proof. By Lemma 2.3, we only need to show that {(Vi,ai) | Vi ↘ ai ∈ S( f ), i ∈ I0} can be extended to be a ﬁnite pointwise
directed set.
Let Vi = Vi0 , ai =mi0 for each i ∈ I0 and A = {mi0 | i0 ∈ I0}. Deﬁne
A0 = {(Vi0 ,mi0) ∣∣ i0 ∈ I0}, V 0(A) = A.
We extend A0 to be pointwise directed. Clearly, V 0(A) = U0(A) = A. Let
Φ0 =
{
F ⊆ I0
∣∣ |F | = 2= ∣∣{mi0 ∣∣ i0 ∈ F}∣∣},
where |F | stands for the cardinal number of F .
For F = {i01, i02} ∈ Φ0, there are e j , e˜ j , j = 1,2, . . . ,n1, ωt , ω˜t , t = 1,2, . . . ,n2 such that e˜ j  e j , ω˜t  ωt , for
j = 1,2, . . . ,n1, t = 1,2, . . . ,n2 and
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=
n1⋂
j=1
⇑ e j ⊆
n1⋂
j=1
⇑ e˜ j ⊆ ↑ e˜n1 ⊆ f −1(↑mi01),
Vi02
=
n2⋂
t=1
⇑ ωt ⊆
n2⋂
t=1
⇑ ω˜t ⊆ ↑ ω˜n2 ⊆ f −1(↑mi02).
Take e j , ωt with e˜ j  e j  e j , ω˜t  ωt  ωt , for j = 1,2, . . . ,n1, t = 1,2, . . . ,n2. Then
Vi01
∩ Vi02 =
( n1⋂
j=1
⇑ e j
)
∩
( n2⋂
t=1
⇑ ωt
)
⊆
( n1⋂
j=1
⇑ e j
)
∩
( n2⋂
t=1
⇑ ωt
)
⊆
( n1⋂
j=1
⇑ e˜ j
)
∩
( n2⋂
t=1
⇑ ω˜t
)
⊆ ↑ e˜n1 ∩↑ ω˜n2 ⊆ f −1(↑mi01) ∩ f
−1(↑mi02) =
⋃{
f −1(↑m1F )
∣∣m1F ∈mub{mi0 ∣∣ i0 ∈ F}}.
By Lawson compactness of X , there are a ﬁnite subset {ei1F | i
1
F ∈ I1F } ⊆ mub({e j | j = 1,2, . . . ,n1} ∪ {ωt | t = 1,2, . . . ,n2})
and a ﬁnite subset {e˜i1F | i
1
F ∈ I1F } ⊆mub({e˜ j | j = 1,2, . . . ,n1}∪ {ω˜t | t = 1,2, . . . ,n2}) such that e˜i1F  ei1F for each i
1
F ∈ I1F and
Vi01
∩ Vi02 ⊆
⋃
i1F∈I1F
{⇑ ei1F ∣∣ i1F ∈ I1F }⊆ ⋃
i1F∈I1F
{⇑ e˜i1F ∣∣ i1F ∈ I1F }⊆ ⋃
i1F∈I1F
{ ↑ ei1F ∣∣ i1F ∈ I1F }
=
⋃{
f −1
(↑m1F ) ∣∣m1F ∈mub{mi0 ∣∣ i0 ∈ F}}.
For each i1F ∈ I1F , let mi1F ∈mub{mi0 | i
0 ∈ F } such that ↑ ei1F ⊆ f
−1(↑mi1F ).
So we can suppose that
Vi01
∩ Vi02 =
⋃{
Vi1F
∣∣ i1F ∈ I1F },
where Vi1F
= Vi01 ∩ Vi02 ∩ ⇑ ei1F = (
⋂n1
j=1 ⇑ e j) ∩ (
⋂n2
t=1 ⇑ ωt)∩ ⇑ ei1F ⊆ (
⋂n1
j=1 ⇑ e˜ j) ∩ (
⋂n2
t=1 ⇑ ω˜t)∩ ⇑ e˜i1F ⊆↑ e˜i1F ⊆ f
−1(↑mi1F )
for each i1F ∈ I1F .
Then we deﬁne
A1 = {(Vi1F ,mi1F ) ∣∣ i1F ∈ I1F , F ∈ Φ0}.
For convenience, denote it as
A1 = {(Vi1 ,mi1) ∣∣ i1 ∈ I1}.
Let
V 1(A) = {mi1 ∣∣ i1 ∈ I1}.
Clearly, V 1(A) ⊆ U1(A).
Inductively, suppose that for each 1 k n we have obtained
Ak = {(Vik ,mik ) ∣∣ ik ∈ Ik}, V k(A) = {mik ∣∣ ik ∈ Ik}
satisfying Vik =
⋂nk
s=1 ⇑ es ⊆
⋂nk
s=1 ⇑ e˜s ⊆↑ e˜nk ⊆ f −1(↑mik ) for each ik ∈ Ik , e˜s  es , for s = 1,2, . . . ,nk and V k(A) ⊆ Uk(A).
Let
Φn =
{
F ⊆ In
∣∣ |F | = 2= ∣∣{min ∣∣ in ∈ F}∣∣}.
For any F = {in1, in2} ∈ Φn , there are es , e˜s , s = 1,2, . . . ,k1, ωι , ω˜ι , ι = 1,2, . . . ,k2 such that e˜s  es , ω˜ι  ωι , for s =
1,2, . . . ,k1, ι = 1,2, . . . ,k2 and
Vin1 =
k1⋂
s=1
⇑ es ⊆
k1⋂
s=1
⇑ e˜s ⊆ ↑ e˜k1 ⊆ f −1(↑min1),
Vin2 =
k2⋂
ι=1
⇑ ωι ⊆
k2⋂
ι=1
⇑ ω˜ι ⊆ ↑ ω˜k2 ⊆ f −1(↑min2).
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Vin1 ∩ Vin2 =
( k1⋂
s=1
⇑ es
)
∩
( k2⋂
ι=1
⇑ eι
)
⊆
( k1⋂
s=1
⇑ es
)
∩
( k2⋂
ι=1
⇑ ωι
)
⊆
( k1⋂
s=1
⇑ e˜s
)
∩
( k2⋂
ι=1
⇑ ω˜ι
)
⊆ ↑ e˜k1∩ ↑ ω˜k2 ⊆ f −1(↑min1) ∩ f −1(↑min2) =
⋃{
f −1
(↑mnF ) ∣∣mnF ∈mub{min ∣∣ in ∈ F}}.
Lawson compactness of X yields a ﬁnite subset {ein+1F |i
n+1
F ∈ In+1F } ⊆ mub({es | s = 1,2, . . . ,k1} ∪ {ωι | ι = 1,2, . . . ,k2})
and a ﬁnite subset {e˜in+1F | i
n+1
F ∈ In+1F } ⊆ mub({e˜s | s = 1,2, . . . ,k1} ∪ {ω˜ι | ι = 1,2, . . . ,k2}) such that e˜in+1F  ein+1F for each
in+1F ∈ In+1F and
Vin1 ∩ Vin2 ⊆
⋃
in+1F ∈In+1F
⇑ ein+1F ⊆
⋃
in+1F ∈In+1F
⇑ e˜in+1F ⊆
⋃
in+1F ∈In+1F
{↑ ein+1F ∣∣ in+1F ∈ In+1F }
=
⋃{
f −1
(↑mn+1F ) ∣∣mn+1F ∈mub{min ∣∣ in ∈ F}}.
For each in+1F ∈ In+1F , let min+1F ∈mub{min | i
n ∈ F } such that ↑ ein+1F ⊆ f
−1(↑min+1F ).
So we can suppose that
Vin1 ∩ Vin2 =
⋃{
Vin+1F
∣∣ in+1F ∈ In+1F },
where Vin+1F
= Vin1 ∩ Vin2∩ ⇑ ein+1F = (
⋂k1
s=1 ⇑ es) ∩ (
⋂k2
ι=1 ⇑ ωι)∩ ⇑ ein+1F ⊆ (
⋂k1
s=1 ⇑ e˜s) ∩ (
⋂k2
ι=1 ↑ ω˜ι)∩ ⇑ e˜in+1F ⊆ ↑ e˜in+1F ⊆
f −1(↑min+1F ).
Then we deﬁne
An+1 = {(Vin+1F ,min+1F ) ∣∣ in+1F ∈ In+1F , F ∈ Φn}.
For convenience, let
An+1 = {(Vin+1 ,min+1) ∣∣ in+1 ∈ In+1}.
Let
V n+1(A) = {min+1 ∣∣ in+1 ∈ In+1}.
Clearly, V n+1(A) ⊆ Un+1(A).
For each n ∈ N , we have obtained An and V n(A) satisfying Vin  f −1(↑min ) for each in ∈ In , V n(A) ⊆ Un(A).
Let A∞ =⋃{An | n ∈ N}. We claim that there is n0 ∈ N such that An0 = ∅, hence A∞ is ﬁnite.
In fact, by the construction of An and V n(A), we can see min V n1 (A) ∩ min V n2 (A) = ∅ whenever n1 = n2, where
min V n1 (A) and min V n2 (A) are the set of minimal elements of V n1 (A) and V n2 (A) respectively. As V n(A) ⊆ Un(A) for
each n ∈ N and U∞(A) is ﬁnite, there is n0 ∈ N such that for any n  n0, V n(A) = ∅. From this it follows that An = ∅ for
any n n0.
We ﬁnish the proof by proving that A∞ is pointwise directed. It is suﬃcient to show that for any x ∈ X , the set
C = {m | (V ,m) ∈A∞ s.t. x ∈ V } is directed.
Suppose that min11
,min22
∈ C such that min11 and min22 are incomparable. Then there are (Vin11 ,min11 ) ∈ A
n1 , (Vin22
,min22
) ∈
An2 and x ∈ Vin11 ∩ Vin22 . We consider two cases.
1) Case one: If n1 = n2, then (Vin11 ,min11 ), (Vin12 ,min12 ) ∈A
n1 , F = {in11 , in22 } ∈ Φn1 . By the construction of An1+1, we have⋂
in1∈F
V in1 =
⋃{
V
i
n1+1
F
∣∣ in1+1F ∈ In1+1F },
where (V
i
n1+1
F
,m
i
n1+1
F
) ∈ An1+1 and m
i
n1+1
F
∈ mub{min11 ,min12 }. So there is (Vin1+1F ,min1+1F ) ∈ A
n1+1 such that x ∈ V
i
n1+1
F
.
Therefore m
i
n1+1
F
is an upper bound of min11
and min12
in C ;
2) Case two: If n1 = n2, without loss of generality, we assume n1 < n2.
By x ∈ Vin11 ∩ Vin22 and n1 < n2 we claim that there is (Vin10 ,min10 ) ∈ A
n1 such that x ∈ Vin10 and min10 = min11 . Otherwise,
from the construction of An1+1, it follows x /∈ Vi for every (Vi,mi) ∈An1+1. Inductively, we can show that x /∈ Vi for every
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n1+1 such that x ∈ V
i
n1+1
0
,m
i
n1+1
0
min11 .
In the same fashion, for any 1 k n2 −n1, we can get (Vin1+k0 ,min1+k0 ) ∈A
n1+k such that x ∈ V
i
n1+k
0
, m
i
n1+1
0
min11 , min1+k0

m
i
n1+(k−1)
0
(k  2). As min11 and min22 are incomparable, min22 = min20 . By case one there is (Vin2+10 ,min2+10 ) ∈ A
n2+1 such that
x ∈ V
i
n2+1
0
and m
i
n2+1
0
min22 ,min20 . Therefore min2+10
min11 . The directedness of C is proved. The proof is completed. 
Theorem 2.5. [X → L] is continuous.
Proof. Suppose that f ∈ [X → L]. Consider the following set{
h
∣∣ h is generated by a pointwise directed family B = {(Vi,mi) ∣∣ Vi ↘mi ∈ S( f ), i ∈ I}, where I is ﬁnite}.
By Lemma 2.3 and Lemma 2.4 the above set is directed. By Lemma 2.1 the supremum of this set is f . So [X → L] is
continuous. 
Since the retract of a continuous domain is again continuous, we have the following main result.
Corollary 2.6. [X → L] is continuous for a Lawson compact continuous domain X and a continuous B-domain L.
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